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1 Introduction
1.1. $R$ $q,$ $Q_{1},$ $\ldots,$ $Q_{r}\in R$ ( $q$ ) $R$
$\mathfrak{S}_{n}\ltimes(\mathbb{Z}/r\mathbb{Z})^{n}$ Ariki-Koike $\mathscr{H}_{n,r}$
$R$
: $T_{0},$ $T_{1},$ $\ldots,$ $T_{n-1}.$
: $(T_{0}-Q_{1})(T_{0}-Q_{2})\ldots(T_{0}-Q_{r})=0,$
$(T_{i}-q)(T_{i}+q^{-1})=0 (1\leq i\leq n-1)$ ,
$T_{0}T_{1}T_{0}T_{1}=T_{1}T_{0}T_{1}T_{0},$
$T_{i}T_{i+1}T_{i}=T_{i+1}T_{i}T_{i+1} (1\leq i\leq n-2)$ ,
$T_{i}T_{j}=T_{j}T_{i} (|i-j|\geq 2)$ .
1.2. $m=(m_{1}, \ldots, m_{r})\in \mathbb{Z}_{>0}^{r}$
$\Lambda_{n,r}(m)=\{\mu=(\mu^{(1)}, \ldots, \mu^{(r)})(\mu_{1}^{(k)},\ldots\mu_{m_{k}}^{(k)})\in \mathbb{Z}_{\geq 0^{k}}^{m}\sum_{k=1}^{r}^{\mu^{(k)}}\sum_{i=1}^{m_{k}\prime}^{=}\mu_{i}^{(k)}=n\}$
$\mathscr{H}_{n,r}$ cyclotomic $q$-Schur $\mathscr{S}_{n,r}$
$\mathscr{S}_{n,r}=\mathscr{S}_{n,r}(m)=End_{\mathscr{H}_{n,r}}(\bigoplus_{\mu\in\Lambda_{n,r}(m)}m_{\mu}\mathscr{H}_{n,r})$
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$m_{\mu}=( \sum q^{\ell(w)}T_{w})(\prod_{iw\in \mathfrak{S}_{\mu}k=1}^{r}II_{1}^{i=1}(L_{i}-Q_{k}))\Sigma_{\iota=1}\sum_{=}\mu_{i}^{(l)}\in \mathscr{H}_{n,r}$
1.3. $R$ $k=1,$ $\ldots,$ $r$ $m_{k}\geq n$ $\mathscr{S}_{n,r}$
$\mathscr{H}_{n,r}$ ([R] ) quasi-hereditary cover [DJM]
$\mathscr{S}_{n,r}$ -mod
$\mathfrak{S}_{n}\ltimes(\mathbb{Z}/r\mathbb{Z})^{n}$ Cherednik $\mathcal{O}$ $\mathscr{H}_{n,r}$ -mod highest
weight cover [R] [VV]






1.4. $A$ $(r=1$ $)$ $q$-Schur
$\mathscr{S}_{n,1}$ Schur-Weyl
$R=\mathbb{Q}(q)$ ( $q$ ) $V$ $U_{q}(\mathfrak{g} _{}m)$
$n$ $V^{\otimes n}$ $V^{\otimes n}$ $\mathfrak{S}_{n}$
Hecke $\mathscr{H}_{n,1}$ $q$-
$U_{q}(\mathfrak{g} _{}m)$ $\mathscr{H}_{n,1}$ $V^{\otimes n}$
full centralizer ([J]) $U_{q}(\mathfrak{g}\mathfrak{l}_{m})$
$\rho$ : $U_{q}(\mathfrak{g} _{}m)arrow End(V^{\otimes n})$ $End_{\mathscr{H}_{n,1}}(V^{\otimes n})$ $V^{\otimes n}$
$U_{q}(\mathfrak{g}\mathfrak{l}_{m})$ - $\Lambda_{n,1}(m)$ $U_{q}(\mathfrak{g} _{}m)$
$\mathscr{H}_{n,1}$ $V^{\otimes n}$
$V_{\mu}^{\otimes n}(\mu\in\Lambda_{n,1}(m))$







$R$ ( $R$ ) $q$-Schur $\mathscr{S}_{n,1}$













double centrahzer property double
centralizer property $\mathscr{H}_{n,r}$ $U_{q}(\mathfrak{g})$
$q$ ( $V^{\otimes n}$ $q$ )
$\mathscr{H}_{n,r}$ $q,$ $Q_{1},$ $\ldots,$
$Q_{r}$ (
) double centralizer property
$R$ , $q,$ $Q_{1},$ $\ldots,$ $Q_{r}$ $[SawS]$
$( Q_{1}, \ldots, Q_{r} )$ $U_{q}(\mathfrak{g})$ $V^{\otimes n}$
full centralizer $mo$dified Ariki-Koike
double centrahzer property $\dagger$ $[SawS]$
$U_{q}(\mathfrak{g})$ $U_{q}(\mathfrak{g})arrow$ End $(V^{\otimes n})$ $(U_{q}(\mathfrak{g})$
) cyclotomic $q$-Schur $\mathscr{S}_{n,r}$ $\mathscr{S}_{n,r}$
cellular basis 4
$(R=\mathbb{Q}(q)$ $)$ $\mathscr{S}_{n,r}$ Drinfeld
$\mathscr{S}_{n,r}$ cellular basis
1.6. $A$ $q$-Schur $\mathscr{S}_{n,1}$ $U_{q}(\mathfrak{g} _{}m)$
$\mathscr{S}_{n,1}$ - $U_{q}(\mathfrak{g} _{}m)$-




$Q_{r}$ $\mathscr{H}_{n,r}$ $\mathscr{H}_{n,r}$ modified Ariki-Koike
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$\mathscr{S}_{n,r}$ “ $\mathcal{U}$”
“ $\mathcal{U}$” $U_{q}(\mathfrak{g} _{}m)$
$U_{q}(\mathfrak{g} _{}m)\cong U_{q}^{-}\otimes U_{q}^{0}\otimes U_{q}^{+}$ (
$U_{q}^{0}$ ) $U_{q}(\mathfrak{g}\mathfrak{l}_{m})$ Hopf
$\mathcal{U}$







$\mathscr{S}_{n,r}=\mathscr{S}_{n,r}^{-}\cdot \mathscr{S}_{n,r}^{0}\cdot \mathscr{S}_{n,r}^{+}$ Borel $\mathscr{S}_{n,r}^{\leq 0}=\mathscr{S}_{n,r}^{-}\cdot \mathscr{S}_{n,r}^{0}$ (resp.
$\mathscr{S}_{n,r}^{\geq 0}=\mathscr{S}_{n,r}^{0}\cdot \mathscr{S}_{n,r}^{+})$ $A$
$q$-Schur $\mathscr{S}_{n,l}(m)$ $($ $m=m_{1}+\cdots+m_{r})$
Borel $\mathscr{S}_{n,1}^{\leq 0}$ (resp. $\mathscr{S}_{n,1}^{\geq 0}$ )
$q$-Schur $\mathscr{S}_{n,1}$ Borel $\rho$ : $U_{q}(\mathfrak{g} _{}m)arrow \mathscr{S}_{n,1}(m)$
$U_{q}(\mathfrak{g}\mathfrak{l}_{m})$ Borel $U_{q}^{\leq 0}$ (resp. $U_{q}^{\geq 0}$ )
$U_{q}(\mathfrak{g} _{}m)$ Chevalley $e_{i},$ $f_{i}(1\leq i\leq m-1),$ $K_{j}^{\pm}(1\leq i\leq m)$
$l\ovalbox{\tt\small REJECT}^{\backslash },$
$U_{q}^{\leq 0}=\langle f_{i},$ $K_{j}^{\pm}|1\leq i\leq m-1,1\leq j\leq m\rangle$ (resp. $U_{q}^{\leq 0}=\langle e_{i},$ $K_{j}^{\pm}|1\leq i\leq$
$m-1,1\leq i\leq m\rangle)$
$\varphi^{\leq 0}:U_{q}^{\leq 0}arrow^{\rho}\mathscr{S}_{n,1}^{\leq 0}\cong \mathscr{S}_{n,r}^{\leq 0}, \varphi^{\geq 0}:U_{q}^{\geq 0}arrow^{\rho}\mathscr{S}_{n,1}^{\geq 0}\cong \mathscr{S}_{n,r}^{\geq 0}$
$\mathscr{S}_{n,r}=\varphi^{\leq 0}(U_{q}^{\leq 0})\cdot\varphi^{\geq 0}(U_{q}^{\geq 0})$ $\mathscr{S}_{n,r}$ : $=\varphi^{\leq 0}(f_{i})$ ,









$\mathscr{S}_{n,r}$ Jucys-Murphy ( $JM$ )





1.8. 2 $\mathcal{U}$ $\mathscr{S}_{n,r}$




5 [W2] $\mathscr{S}_{n,r}$ Weyl
$\mathcal{U}$ Hopf ( $\mathcal{U}$-
)
2 Cyclotomic q-Schur Drinfeld
2.1. cyclotomic $q$-Schur $\mathbb{Q}(q)$ - $\mathcal{U}$
$m=(m_{1}, \ldots, m_{r})\in \mathbb{Z}_{>0}^{r}$ $m= \sum_{k=1}^{r}m_{k}$ $P=\oplus_{i=1}^{m}\mathbb{Z}\epsilon_{i}$ $\mathfrak{g}\mathfrak{l}_{m}$
weight lattice $P^{\vee}=\oplus_{i=1}^{m}\mathbb{Z}h_{i}$ dual weight lattice
$\langle,$ $\rangle$ : $P\cross P^{\vee}arrow \mathbb{Z}$ $\langle\epsilon_{i},$ $h_{j}\rangle=\delta_{ij}$ $\alpha_{i}=\epsilon_{i}-\epsilon_{i+1}$
$\Pi=\{\alpha_{i}|1\leq i\leq m-1\}$ simple root $Q=\oplus_{i=1}^{m}\mathbb{Z}\alpha_{i}$
root lattice $Q^{+}=\oplus_{i=1}^{m-1}\mathbb{Z}\geq 0\alpha_{i}$ $P$ ( )
$\lambda-\mu\in Q^{+}$ $\lambda\geq\mu$
$\mathcal{U}$ $\{$ 1, 2, $\ldots,$ $m\}$
$\Gamma(m)=\{(i, k)|1\leq i\leq m_{k}, 1\leq k\leq r\}$ $\Gamma’(m)=\Gamma(m)\backslash \{(m_{r}, r)\}$
$(*1)$ $\Gamma(m)arrow\{1,2, \ldots, m\}$ such that $(i, k) \mapsto\sum_{j=1}^{k-1}mj+i$
\ddagger [W3] [Wl] $\mathscr{S}_{n,r}$ $\mathscr{S}_{n,r}$ -mod $\mathscr{S}_{n+1,r}$ -mod
( $r$ ) Fock
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$\Gamma(m)$ $\{$ 1, 2, $\ldots,$ $m\}$ $\Gamma’(m)$
$\{1, 2, \ldots, m-1\}$
$P= \bigoplus_{i=1}^{m}\mathbb{Z}\epsilon_{i}=,\oplus \mathbb{Z}\epsilon_{(i,k)}(ik)\in\Gamma(m)$ ’ $P^{\vee}= \bigoplus_{i=1}^{m}\mathbb{Z}h_{i}=\oplus \mathbb{Z}h_{(i,k)}(i,k)\in\Gamma(m)$ ’ $Q= \bigoplus_{i=1}^{m-1}\mathbb{Z}\alpha_{i}=\oplus \mathbb{Z}\alpha_{(i,k)}(i,k)\in\Gamma’(m)$
cyclotomic $q$-Schur $\Lambda_{n,r}(m)$
$\Lambda_{n,r}(m)arrow P$ such that
$\mu\mapsto\sum_{(i,k)\in\Gamma(m)}\mu_{i}^{(k)}\epsilon_{(i,k)}$
$P$
$\Lambda_{n,r}^{+}(m)=\{\lambda\in\Lambda_{n,r}(m)|\lambda_{1}^{(k)}\geq\lambda_{2}^{(k)}\geq\cdots\geq\lambda_{m_{k}}^{(k)}$ for any $k=1,$ $\ldots,$ $r\}$
Definition 2.2. $\mathcal{U}$ $\mathbb{Q}(q)$
: $\mathcal{X}_{(i,k),t}^{\pm}((i, k)\in\Gamma’(m), t\geq 0),$ $\mathcal{K}_{(j,l)}^{\pm},$ $\mathcal{H}_{(j,l),t}^{\pm},$ $\mathcal{I}_{(jl),t}^{\pm}((j, l)\in\Gamma(m), t\geq 0)$ ,
$C_{k}(1\leq k\leq r)$
:
(Rl) $C_{k}(1\leq k\leq r)$ : central elements,
(R2) $\mathcal{K}_{(j,l)}^{+}\mathcal{K}_{(j,l)}^{-}=\mathcal{K}_{(j,l)}^{-}\mathcal{K}_{(j,l)}^{+}=1,$ $\mathcal{H}_{(j,l),0}^{\pm}=\mathcal{I}_{(j,l),0}^{\pm}=1,$
(R3) $[\mathcal{K}_{(i,k)}^{\epsilon}, \mathcal{K}_{(j,l)}^{\epsilon’}]=[\mathcal{K}_{(i,k)}^{\epsilon}, \mathcal{H}_{(j,l),t}^{\epsilon’}]=[\mathcal{K}_{(i,k)}^{\epsilon},\mathcal{I}_{(j,l),t}^{\epsilon’}]=[\mathcal{H}_{(i,k),s}^{\epsilon}, \mathcal{H}_{(j,l),t}^{\epsilon’}]$











(R9) $[\mathcal{X}_{(i,k),t}^{\pm}, \mathcal{X}_{(j,l),s}^{\pm}]=0$ if $(j, l)\neq(i, k),$ $(i\pm 1, k)$ ,
(R10) $\mathcal{X}_{(i\pm 1,k),0}^{+}(\mathcal{X}_{(i,k),0}^{+})^{2}-(q+q^{-1})\mathcal{X}_{(i,k),0}^{+}\mathcal{X}_{(i\pm 1,k),0}^{+}\mathcal{X}_{(i,k),0}^{+}+(\mathcal{X}_{(i,k),0}^{+})^{2}\mathcal{X}_{(i\pm 1,k),0}^{+}=0,$
(Rll) $\mathcal{X}_{(i\pm 1,k),0(\mathcal{X}_{(i,k),0}^{-})^{2}-(q+q^{-1})\mathcal{X}_{(i,k),0^{\mathcal{X}_{(i\pm 1,k),0}^{-}\mathcal{X}_{(i,k),0}^{-}+(\mathcal{X}_{(i,k),0}^{-})^{2}\mathcal{X}_{(i\pm 1,k),0}^{-}=0}}^{-}}^{-},$
(R12) $\mathcal{X}_{(i,k),t+1}^{\pm}\mathcal{X}_{(i,k),s}^{\pm}-q^{\pm 2}\mathcal{X}_{(i,k),s}^{\pm}\mathcal{X}_{(i,k),t+1}^{\pm}=q^{\pm 2}\mathcal{X}_{(i,k),t}^{\pm}\mathcal{X}_{(i,k),s+1}^{\pm}-\mathcal{X}_{(i,k),s+1}^{\pm}\mathcal{X}_{(i,k),t}^{\pm},$
$\mathcal{J}_{(i,k),O}^{+}=\mathcal{K}_{(i,k)}^{+}\mathcal{K}_{(i+1,k)}^{-},$ $\mathcal{J}_{(i,k),O}^{-}=\mathcal{K}_{(i,k)}^{-}\mathcal{K}_{(i+1,k)}^{+},$
$\mathcal{J}_{(i,k),t}^{+}=\mathcal{K}_{(i,k)}^{+}\mathcal{K}_{(i+1,k)}^{-}(q^{-t}\mathcal{H}_{(i,k),t}^{+}-\frac{q^{-1}}{q-q^{-1}}\sum_{h=1}^{t-1}q^{t-2h}\mathcal{H}_{(i,k),h}^{+}\mathcal{H}_{(i+1,k),t-h}^{-})$ $(t\geq 1)$ ,
$\mathcal{J}_{(i,k),t}^{-}=\mathcal{K}^{+}$
$\mathcal{K}^{-}$$(i,k) (i+1,k)(-q^{t} \mathcal{H}_{(i+1,k),t}^{-}-\frac{q}{q-q-1}\sum_{h=1}^{t-1}q^{t-2h}\mathcal{H}_{(i,k),h}^{+}\mathcal{H}_{(i+1,k),t-h}^{-}) (t\geq 1)$
$d\in \mathbb{Z}$
$q$- $[d]$ $[d]=(q^{d}-q^{-d})/(q-q^{-1})$ $d\in \mathbb{Z}_{>0}$
$[d]!=[d][d-1]\ldots[1]$ $[0]!=1$
$(i, k)\in\Gamma’(m)$ $t,$ $d\in \mathbb{Z}\geq 0$
$\mathcal{X}_{(i,k),t}^{\pm(d)}=\frac{(\mathcal{X}_{(i,k),t}^{\pm})^{d}}{[d]!}\in \mathcal{U}$
$(j, l)\in\Gamma(m),$ $d\in \mathbb{Z}_{>0},$ $c\in \mathbb{Z}$
$[^{\mathcal{X}_{(j,l)};c}d]= \prod_{b=1}^{d}\frac{\mathcal{K}_{(j,l)}^{+}q^{c-b+1}-\mathcal{K}_{(j,l)}^{-1}q^{-c+b-1}}{q^{b_{-q}-b}}\in \mathcal{U}$




$\mathcal{H}_{(j,\iota),t}^{\pm},\mathcal{I}_{(j,l)}^{\pm},{}_{t}C_{k}((i, k)\in\Gamma(m), (j, l)\in\Gamma(m), d, t\in \mathbb{Z}\geq 0,1\leq k\leq r)$
$\mathcal{U}$ $\mathcal{A}$-
Theorem 2.3 ([W4]).
(i) $R=\mathbb{Q}(q)$ $\Psi$ : $\mathcal{U}arrow \mathscr{S}_{n,r}(m)$
$k=1,$ $\ldots,$ $r-1$ $m_{k}\geq n$ $\Psi$
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(ii) $\mathcal{A}\mathscr{S}_{n,r}(m)$ $\mathcal{A}$ cyclotomic $q$ -Schur
(i) $\Psi$ $\mathcal{A}\mathcal{U}$
$\Psi$ : $\mathcal{A}\mathcal{U}arrow A\mathscr{S}_{n,r}(m)$ $k=1,$ $\ldots,$ $r-1$
$m_{k}\geq n$ $\Psi$
Proof. $\Psi$ $\mathcal{U}$ $\mathscr{S}_{n,r}(m)$
$\mathcal{U}$ $(R1)-(R12)$
( [W4] ) $m$ $\Psi$
[Wl]
Remarks 2.4.
(i) $\mathcal{A}$ $(q-q^{-1})^{-1}$ $\mathscr{S}_{n,r}$
$(q-q^{-1})^{-1}$ ( (R8) $\mathcal{J}_{(i,k),t}^{\pm}$
$(q-q^{-1})$ )
$\mathcal{A}\mathcal{U}$ $q=\pm 1$ $q=\pm 1$
$\mathscr{S}_{n,r}$ $(q-q^{-1})$
$\mathcal{U}$
(ii) $\Psi(\mathcal{H}_{(jl),t}^{\pm}),$ $\Psi(\mathcal{I}_{(j\iota),t}^{\pm})$ Ariki-Koike $\mathscr{H}_{n,r}$ Jucys-Murphy
$\mathscr{S}_{n,r}$ Jucys-Murphy ( )
3 $\mathscr{S}_{n,r}$- $\mathcal{U}$- $\mathcal{K}^{\pm}$$(j,l)$
$\mathcal{H}_{(j,l),t}^{\pm},$ $\mathcal{I}_{(j,l),t}^{\pm}$
(iii) $\mathcal{U}$ $C_{k}(1\leq k\leq r)$ $\mathscr{S}_{n,r}$ $Q_{k}$
$\Psi(C_{k})=Q_{k}$
$(iv)_{\mathcal{A}}\mathcal{U}$ $\mathcal{X}_{(i,k),t}^{\pm(d)}(t\geq 1)$ $\{\begin{array}{l}\mathcal{X}_{(j,l)}\cdot cd\end{array}\}(c\in \mathbb{Z})$




(divided power $\mathcal{X}_{(i,k),t}^{+(c)}$ $\mathcal{X}_{(i,k),s}^{-(d)}$
) $\mathcal{I}_{(jl),t}^{\pm}$ $(\mathcal{A}$ $q$- $(d\neq\pm 1)$
) $\circ$ 3 $\mathbb{Q}(q)$ $\mathcal{U}$ $\mathcal{I}_{(j,l),t}^{\pm}$
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2.5. $\mathcal{U}$ $U_{q}(\mathfrak{g}\mathfrak{l}_{m}),$ $U_{q}(\mathfrak{g})(\mathfrak{g}=\mathfrak{g}\mathfrak{l}_{m_{1}}\oplus\cdots\oplus \mathfrak{g}\downarrow_{m_{r}})$
$U_{q}(\mathfrak{g} _{}m)$ Chevalley $e_{(i,k)},$ $f_{(i,k)}((i, k)\in\Gamma’(m)),$ $K_{(j,\iota)}^{\pm}$
$((j, l)\in\Gamma(m))$ ( $(*1)$ ) Levi $U_{q}(\mathfrak{g})$
$e_{(i,k)},$ $f_{(i,k)}(1\leq i\leq m_{k}-1,1\leq k\leq r),$ $K_{(j,l)}^{\pm}((j, l)\in\Gamma(m))$
Proposition 2.6.
(i) $c=(c_{1}, \ldots, c_{r})\in(\mathbb{Q}(q)\backslash \{0\})^{r}$
$\gamma_{c}:\mathcal{U}arrow U_{q}(\mathfrak{g} _{}m)$
$\gamma_{c}(\mathcal{X}_{(i,k),0}^{+})$ $=$ $\{\begin{array}{ll}e_{(i,k)} if i\neq m_{k}-c_{k}e_{(m_{k},k)}, ifi=m_{k}\end{array}$ $\gamma_{c}(\mathcal{X}_{(i,k),0}^{-})$ $=$ $f_{(i,k)},$






$\mathbb{Q}(q)$ $\mathcal{U}$ $\mathscr{S}_{n,r}$- Theorem
2.3 $\Psi$ : $\mathcal{U}arrow \mathscr{S}_{n,r}(m)$ $u$-
3.1. $\mathcal{U}$ $\mathcal{U}^{+}$ (resp. $\mathcal{U}^{-}$ ) $\mathcal{X}_{(i,k),t}^{+}$
(resp. $\mathcal{X}_{(i,k),t}^{-}$ ) $((i, k)\in\Gamma’(m), t\geq 0)$ $\mathcal{U}$ $\mathcal{U}^{0}$
$\mathcal{K}_{(j,l)}^{\pm},$ $\mathcal{H}_{(j,\downarrow),t}^{\pm},$ $\mathcal{I}_{(j,l),t}^{\pm}((j, l)\in\Gamma(m), t\geq 0),$ $C_{k}(1\leq k\leq r)$
$\mathcal{U}$ (Rl) (R3) $\mathcal{U}^{0}$ $\mathcal{U}$
Proposition 3.2. $\mathcal{U}=\mathcal{U}^{-}\cdot \mathcal{U}^{0}\cdot \mathcal{U}^{+}.$
: $\mathcal{U}\cong \mathcal{U}^{-}\otimes \mathcal{U}^{0}\otimes \mathcal{U}^{+}$ as vector spaces.
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Definition 3.4. $\mathcal{U}$- $V$ $v_{0}\in V$
(i) -(iii) :
(i) $V$ $\mathcal{U}$- $v_{0}$
(ii) $\mathcal{X}_{(i,k),t}^{+}\cdot v_{0}=0$ for all $(i, k)\in\Gamma’(m),$ $t\geq 0.$
(iii) $v_{0}$ $\mathcal{U}^{0}$
$\kappa=(\kappa_{(j,l)})_{(j,l)\in\Gamma(m)},$ $\varphi=(\varphi_{(jl),t}^{\pm})_{(j,l)\in\Gamma(m),t\geq 1},$ $c=(c_{k})_{1\leq k\leq r}$
$\mathcal{K}_{(j,l)}^{+}\cdot v_{0}=\kappa_{(j,l)}v_{0}, \mathcal{H}_{(j,l),t}^{\pm}\cdot v_{0}=\varphi_{(j,\iota),t}^{\pm}v_{0}, C_{k}\cdot v_{0}=c_{k}v_{0}$
$V$ (resp. $v_{0}$ ) $(\kappa, \varphi, c)$ (resp.
) $\lambda=\sum_{(j,l)\in\Gamma(m)}\lambda_{j}^{(l)}\epsilon_{(j,l)}\in P$
$\kappa_{(j,l)}=q^{\lambda_{j}^{(l)}}((j, l)\in\Gamma(m))$
$(\kappa, \varphi, c)$ $(\lambda, \varphi, c)$
3.5. $\mathcal{U}$ ( $\mathcal{U}^{0}$ 1 Borel
$\mathcal{U}^{\geq 0}:=\langle \mathcal{U}^{0},\mathcal{U}^{+}\rangle$ $\mathcal{U}$ ),
$(\kappa, \varphi, c)$ (Verma ) $V(\kappa, \varphi, c)$
$V(\kappa, \varphi, c)$ $L(\kappa, \varphi, c)$
$L(\lambda_{\}}\varphi, c)(\lambda\in P)$
$v0$ Proposition 2.6
(ii) $\iota$ : $U_{q}(\mathfrak{g})arrow \mathcal{U}$ $L(\lambda, \varphi, c)$ $U_{q}(\mathfrak{g})$- $v0$
Uq $(\mathfrak{g}$ $)$ - $L(\lambda, \varphi, c)$
$U_{q}(\mathfrak{g})\cdot v_{0}$ $\lambda$
$U_{q}(\mathfrak{g})$
Lemma3.6. $\lambda\in P$ $L(\lambda, \varphi, c)$ $k=l,$ $\ldots,$ $r$
$\lambda_{1}^{(k)}\geq\lambda_{2}^{(k)}\geq\cdots\geq\lambda_{m_{k}}^{(k)}$





$M= \bigoplus_{\lambda\in P_{\geq 0}}M_{\lambda},$
$M_{\lambda}=\{m\in M|\mathcal{K}_{(j,l)}^{+}\cdot m=q^{\lambda_{j}^{(l)}}m$ for $(j, l)\in\Gamma(m)\}$
$P\geq 0=\oplus_{(j,t)\in\Gamma(m)}\mathbb{Z}\geq 0\epsilon_{(j,l)}\subset P$
(iii) $M\in \mathcal{O}^{c}$ $C_{k}$ $c_{k}$
(iv) $M\in \mathcal{O}^{c}$ $\mathcal{U}^{0}$ $\mathbb{Q}(q)$
$P_{\geq 0}^{+}=\{\lambda\in P\geq 0|\lambda_{1}^{(k)}\geq\lambda_{2}^{(k)}\geq\cdots\geq\lambda_{m_{k}}^{(k)}\geq 0$ for $k=1,$ $\ldots,$ $r\}$
Lemma 3.8. $\mathcal{O}^{c}$ $L(\lambda, \varphi, c)(\lambda\in P_{\geq 0}^{+})$
Remarks 3.9.
(i) $\mathcal{O}^{c}$ (ii) $P_{\geq 0}$
( $U_{q}(\mathfrak{g} _{}m)$ )
$P$
(ii) $\lambda\in P_{\geq 0}^{+}$ $(\mathscr{S}_{n,r}(m)$ $\mathcal{U}$-
) $\varphi$ ( 1 ) $L(\lambda, \varphi, c)$ $\mathcal{O}^{c}$
$\varphi$
$L(\lambda, \varphi, c)$ $\mathcal{O}^{c}$
$L(\lambda, \varphi, c)$
3.10. $k=1,$ $\ldots,$ $r$ $\mathbb{Z}[x_{1}^{(k)}, x_{2}^{(k)}, \ldots, x_{m_{k}}^{(k)}]$ $x_{i}^{(k)}(1\leq i\leq m_{k})$
$\mathbb{Z}[x_{1}^{(k)}, \ldots, x_{m_{k}}^{(k)}]^{6_{m_{k}}}$
$\lambda=\sum_{(J,l)\in\Gamma(m)}\lambda_{j}^{(l)}\epsilon_{(j,l)}\in P\geq 0$
$x^{\lambda}:= \otimes_{k=1}^{r}(x_{1}^{(k)})^{\lambda_{1}^{(k)}}(x_{2}^{(k)})^{\lambda_{2}^{(k)}}\ldots(x_{\mu_{k}}^{(k)})^{\lambda_{m_{k}}^{(k)}}\in\bigotimes_{k=1}^{r}\mathbb{Z}[x_{1}^{(k)}, x_{2}^{(k)}, \ldots, x_{m_{k}}^{(k)}]$
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$M\in \mathcal{O}^{c}$ ch $M$
ch $M:= \sum_{\lambda\in P_{\geq 0}}\dim M_{\lambda}x^{\lambda}\in\bigotimes_{k=1}^{r}\mathbb{Z}[x_{1}^{(k)}, x_{2}^{(k)}, \ldots, x_{m_{k}}^{(k)}]$
Proposition 2.6 (ii) $\iota$ : $U_{q}(\mathfrak{g})arrow \mathcal{U}$ $M\in \mathcal{O}^{c}$
$U_{q}(\mathfrak{g}$ $)$ - $U_{q}(\mathfrak{g})$ - $M\in \mathcal{O}^{c}$
ch $M\in\otimes_{k=1}^{r}\mathbb{Z}[x_{1}^{(k)}, \ldots, x_{m_{k}}^{(k)}]^{\mathfrak{S}_{m_{k}}}$
Remark 3.11. {ch $L|L$ :simple object in $\mathcal{O}^{c}$ } $\mathcal{O}^{c}$









Proposition 3.13. $c=(c_{1}, \ldots, c_{r})\in(\mathbb{Q}(q)\backslash \{0\})^{r}$ Proposition 2.6 (i)
$\gamma_{c}$ : $\mathcal{U}arrow U_{q}(\mathfrak{g} _{}m)$ $U_{q}(\mathfrak{g} _{}m)$ - $\mathcal{U}$-
(i) $\mathcal{O}_{\mathfrak{g}\mathfrak{l}_{m}}$ $\mathcal{O}^{c}$
(ii) $\lambda\in \mathcal{P}(m)$ $\triangle_{\mathfrak{g}\mathfrak{l}_{m}}(\lambda)$ $\mathcal{U}$ - $(\lambda, 0, c)$
$0$ $\varphi_{(j,l),t}^{\pm}$ $0$
(iii) $\lambda\in \mathcal{P}(m)$ ch $\Delta_{\mathfrak{g}\mathfrak{l}_{m}}(\lambda)=S_{\lambda}(x_{1}^{(1)}, \ldots,x_{m_{r}}^{(r)})$
$S_{\lambda}(x_{1}^{(1)}, \ldots, x_{m_{r}}^{(r)})$ $\{x_{i}^{(k)}|1\leq i\leq m_{k}, 1\leq k\leq r\}$ $\lambda$
Schur





$\{L(\lambda)$ $:=\triangle(\lambda)/$ rad $\triangle(\lambda)|\lambda\in\Lambda_{n,r}^{+}(m)\}$ $\mathscr{S}_{n,r}(m)$-
$\mathscr{S}_{n,r}(m)$ $\lambda\in\Lambda_{n,r}^{+}(m)$ $\Delta(\lambda)=L(\lambda)$
Theorem 2.3 $\Psi$ : $\mathcal{U}arrow \mathscr{S}_{n,r}(m)$ $\mathscr{S}_{n,r}$ - $\mathcal{U}$-
Theorem 3.15 ([W4]). $k=1,$ $\ldots,$ $r-1$ $m_{k}\geq n$
$c=(Q_{1}, \ldots, Q_{r})$ $\Psi$ : $\mathcal{U}arrow \mathscr{S}_{n,r}(m)$ $\mathscr{S}_{n,r}$ - $\mathcal{U}$-
(i) $\mathscr{S}_{n,r}$ -mod $\mathcal{O}^{c}$
(ii) $\lambda\in\Lambda_{n,r}^{+}(m)$ $\Delta(\lambda)$ (resp. $L(\lambda)$) $(\lambda, \varphi, c)$
$\mathcal{U}$ - $\varphi=(\varphi_{(j,l),t}^{\pm})_{(j,l)\in\Gamma(m),t\geq 1}$
$\varphi_{(j,l),t}^{+}=\frac{Q_{k}^{t}q^{(2t-1)\lambda_{j}^{(l)}}}{q^{t(2j-1)}(q-q-1)^{t-1}}[\lambda_{j}^{(l)}], \varphi_{(j,l),t}^{-}=\frac{-Q_{k}^{t}q^{\lambda_{j}^{(l)}}}{q^{t(2j-1)}(q-q-1)^{t-1}}[\lambda_{j}^{(l)}]$
(iii) $\lambda\in\Lambda_{n,r}^{+}(m)$ ch $\triangle(\lambda)=\sum_{\mu\in\Lambda_{n,r}^{+}(m)}\beta_{\lambda\mu}(\prod_{k=1}^{r}S_{\mu^{(k)}}(x_{1}(,., x_{m}^{()}))$
$S_{\mu^{(k)}}(x_{1}^{(k)}, \ldots, x_{m_{k}}^{(k)})\in \mathbb{Z}[x_{1}^{(k)}, \ldots, x_{m_{k}}^{(k)}]^{\mathfrak{S}_{m_{k}}}$ $\mu^{(k)}$
Schur $\beta_{\lambda\mu}\in \mathbb{Z}_{\geq 0}$ $[W2J$
Littlewood-Richardson
4 $U_{q}(\mathfrak{g})$
$R=\mathbb{Q}(q)$ $\mathscr{S}_{n,r}(m)$ -mod $U_{q}(\mathfrak{g})-mod (\mathfrak{g}=\mathfrak{g}\mathfrak{l}_{m_{1}}\oplus\cdots\oplus \mathfrak{g} _{}m_{r})$
4.1. $\mathcal{U}$ Levi Parabolic
$\mathbb{X}$ Definition 2.2 $\mathcal{U}$
$\mathcal{U}^{\mathcal{P}}$ (resp. $\mathcal{U}^{p’}$ ) $\mathbb{X}\backslash \{\mathcal{X}_{(m_{k},k),t}^{-}|1\leq k\leq r-1, t\geq 0\}$ (resp. $\mathbb{X}\backslash \{\mathcal{X}_{(m_{k},k),t}^{+}|1\leq$
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$k\leq r-1,$ $t\geq 0\})$ $(R1)-(R12)$
$\mathcal{U}^{\mathcal{L}}$





$fi:\mathcal{U}^{\mathcal{P}}arrow \mathcal{U}$ $($resp. $f_{1}’:\mathcal{U}^{\mathcal{P}’}arrow \mathcal{U})$
(ii) $f_{2}$ : $\mathcal{U}^{\mathcal{L}}arrow \mathcal{U}^{p}$
$($resp. $f_{2}’:\mathcal{U}^{\mathcal{L}}arrow \mathcal{U}^{p’})$
(iii) : $\mathcal{U}^{p}arrow \mathcal{U}^{\mathcal{L}}$ $($resp. $f_{3}’$ : $\mathcal{U}^{p^{l}}arrow \mathcal{U}^{\mathcal{L}})$
$1\leq k\leq r-1,$ $t\geq 0$ $\mathcal{X}_{(m_{k},k),t}^{+}\mapsto 0$ (resp. $\mathcal{X}_{(m_{k},k),t}^{-}\mapsto 0$)
(iv) $k=1,$ $\ldots,$ $r$ $\mathcal{U}^{[k]}$
$\mathbb{X}^{[k]}:=\{\mathcal{X}_{(i,k),t}^{\pm}, \mathcal{K}_{(j,k)}^{\pm}, \mathcal{H}_{(j,k),t}^{\pm},\mathcal{I}_{(j,k)}^{\pm},{}_{t}C_{k}|1\leq i\leq m_{k}-1,1\leq j\leq m_{k}, t\geq 0\}$
$(Rl)-(R12)$
$f_{4}:\mathcal{U}^{\mathcal{L}}arrow \mathcal{U}^{[1]}\otimes \mathcal{U}^{[2]}\otimes\cdots\otimes \mathcal{U}^{[r]}$
: $fi:\mathcal{U}^{p}arrow \mathcal{U}$ $($ resp. $f_{1}’:\mathcal{U}^{\mathcal{P}’}arrow \mathcal{U})$
4.3. $\mathcal{U}\mathcal{L}$ $f_{3}:\mathcal{U}^{p}arrow \mathcal{U}^{\mathcal{L}}$ $($ resp. $f_{3}’:\mathcal{U}^{\mathcal{P}’}arrow \mathcal{U}^{\mathcal{L}})$ $\mathcal{U}^{p}$-
$($ resp. $\mathcal{U}^{p’}$ - $)$ $fi:\mathcal{U}^{\mathcal{P}}arrow \mathcal{U}$ $($ resp. $f_{1}’:\mathcal{U}^{p’}arrow \mathcal{U})$
$\mathcal{U}$ $(\mathcal{U}, \mathcal{U}^{p})$- $(resp. (\mathcal{U}^{p^{l}}, \mathcal{U})$ - )
$Ind_{HC}:\mathcal{U}^{\mathcal{L}}-mod arrow \mathcal{U}$ -mod by $N\mapsto \mathcal{U}\otimes_{u^{p}}N,$
$Ind_{HC}’$ : $\mathcal{U}^{\mathcal{L}}-mod arrow \mathcal{U}$ -mod by $N\mapsto Hom_{\mathcal{U}^{\mathcal{P}’}}(\mathcal{U}, N)$ ,
${\rm Res}_{HC}$ : $\mathcal{U}-mod arrow \mathcal{U}^{\mathcal{L}}$ -mod by $M\mapsto\{m\in{\rm Res}_{\mathcal{U}^{\mathcal{P}}}^{u}(M)|Kerf_{3}\cdot m=0\},$
${\rm Res}_{HC}’$ : $\mathcal{U}-mod arrow \mathcal{U}^{\mathcal{L}}$ -mod by $M\mapsto{\rm Res}_{u^{p^{l}}}^{u}(M)/Kerf_{3}’\cdot{\rm Res}_{u^{p’}}^{\mathcal{U}}(M)$ .
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$Ind_{HC}$ ${\rm Res}_{HC}$ $Ind_{HC}’$ ${\rm Res}_{HC}’$
$Ind_{HC}$ (resp. ${\rm Res}_{HC}$ ) $Ind_{HC}’$ (resp. ${\rm Res}_{HC}’$ )
$\dagger$ : $\mathcal{U}arrow \mathcal{U}$ (resp. $\dagger$ : $\mathcal{U}^{\mathcal{P}}arrow \mathcal{U}^{\mathcal{P}’},$
$\uparrow:\mathcal{U}^{\mathcal{L}}arrow \mathcal{U}^{\mathcal{L}})$
k),t $\mapsto \mathcal{X}$(Lk),t’ $\mathcal{K}Q_{\iota)}\mapsto \mathcal{K}_{(j,l)}^{\pm},\mathcal{H}_{(j,l),t}^{\pm}\mapsto \mathcal{H}_{(j,l),t}^{\pm},\mathcal{I}_{(j,l),t}^{\pm}\mapsto \mathcal{I}_{(j,l)}^{\pm},{}_{t}C_{k}\mapsto C_{k}$
$*:\mathcal{U}-mod arrow \mathcal{U}-mod$ (resp. $*:\mathcal{U}^{\mathcal{P}}$ -mo$darrow \mathcal{U}^{\mathcal{P}’}$ -mod,
$*:\mathcal{U}^{\mathcal{P}’}$ -mod $arrow \mathcal{U}^{\mathcal{P}}$ -mod, $*:\mathcal{U}^{\mathcal{L}}$ -mod $arrow \mathcal{U}^{\mathcal{L}}$ -mod) $M\in \mathcal{U}$ -mod
$Hom_{R}(M, R)$ $\mathcal{U}$- \dagger $\mathcal{U}$-
$*(M)$ (resp. )
Lemma 4.4. $Ind_{HC}’\cong$ ${\rm Res}_{HC}’\cong$
4.5. $U_{q}(\mathfrak{g})$ - ( ) $\mathcal{U}^{\mathcal{L}}$-
$\mathcal{O}_{\mathfrak{g}}$ $U_{q}(\mathfrak{g})$ -mod $P_{\geq 0}$
$(\#\#)$
$\mathcal{O}_{\mathfrak{g}}\cong\bigoplus_{(n_{1},\ldots,n_{r})\in \mathbb{Z}_{\geq 0}^{r}}\mathscr{S}_{n_{1},1}(m_{1})\otimes\cdots\otimes \mathscr{S}_{n_{r},1}(m_{r})-mod.$
$(n_{1}, \ldots, n_{r})\in \mathbb{Z}_{\geq 0}^{r}$ $\mathscr{S}_{(n_{1},\ldots,n_{r})}(m)$ $:=\mathscr{S}_{n_{1},1}(m_{1})\otimes\cdots\otimes \mathscr{S}_{n_{r},1}(m_{r})$








$ev_{c,n,r}$ : $\mathscr{S}_{n,r}^{\mathfrak{g}}(m)-mod arrow \mathcal{U}^{\mathcal{L}}$ -mod $ev_{c,n,r}:=\oplus_{n_{1}+^{1}\cdot\cdot n_{r}=n}(n,\ldots,n_{r})ev_{c,(n_{1},\ldots,n_{r})}$
$\Psi_{(n_{1},\ldots,n_{r})}$ : $\mathcal{U}^{\mathcal{L}}arrow \mathscr{S}_{(n_{1},\ldots,n_{r})}(m)$ $\mathscr{S}_{n_{1},\ldots,n_{r}}(m)$
$(\mathcal{U}^{\mathcal{L}}, \mathscr{S}_{n_{1},\ldots,n_{r}}(m))$ - (resp. $(\mathscr{S}_{n_{1},\ldots,n_{r}}(m),$ $\mathcal{U}^{\mathcal{L}})$ - )
$T_{n,r}$ $:=$
$\bigoplus_{(n_{1..’.\cdot\cdot\prime},n_{r}),n_{1}++n_{r}=n}Hom_{u}\mathcal{L}$ $(\mathscr{S}_{(n_{1},\ldots,n_{r})}(m), ?)$
: $\mathcal{U}^{\mathcal{L}}-mod arrow \mathscr{S}_{n,r}^{\mathfrak{g}}(m)$ -mod,
$T_{n,r}’$
$:= \bigoplus_{(n_{1}..’.\cdot\cdot,n_{r})n_{1}++n_{r}=n}\mathscr{S}_{n_{1},\ldots,n_{r}}(m)\otimes u^{c}$
? : $\mathcal{U}^{\mathcal{L}}-mod arrow \mathscr{S}_{n,r}^{\mathfrak{g}}(m)$ -mod
$k=1,$ $\ldots,$ $r$ $m_{k}\geq n$
$Ind_{n,r}$ $:=\mathscr{S}_{n,r}(m)\otimes u?\circ Ind_{HC}\circ ev_{c,n,r}$ : $\mathscr{S}_{n,r}^{\mathfrak{g}}(m)-mod arrow \mathscr{S}_{n,r}(m)$ -mod,
$Ind_{n,r}’$ $:=Hom_{\mathcal{U}}(\mathscr{S}_{n,r}(m), ?)$ $\circ Ind_{HC}’\circ ev_{c,n,r}$ : $\mathscr{S}_{n,r}^{\mathfrak{g}}(m)-mod arrow \mathscr{S}_{n,r}(m)$ -mod,
${\rm Res}_{n,r}:=T_{n,r}\circ{\rm Res}_{HC}:\mathscr{S}_{n,r}(m)-mod arrow \mathscr{S}_{n,r}^{\mathfrak{g}}(m)$,
${\rm Res}_{n,r}’:=T_{n,r}’\circ{\rm Res}_{HC}’:\mathscr{S}_{n,r}(m)-mod arrow \mathscr{S}_{n,r}^{\mathfrak{g}}(m)$.
$Ind_{n,r}$ ${\rm Res}_{n,r}$ $Ind_{n,r}’$ ${\rm Res}_{n,r}’$
Proposition 4.6. $\lambda\in\Lambda_{n,r}^{+}(m)$ $\triangle_{\mathfrak{g}}(\lambda)$ $\lambda$
$U_{q}(\mathfrak{g})$ - ($\hat{-r}\mathbb{Q}(q)$ )
(i) $Ind_{n,r}(\triangle_{\mathfrak{g}}(\lambda))\cong\triangle(\lambda)$ .
(ii) ${\rm Res}_{n,r}’(\Delta(\lambda))\cong\triangle_{\mathfrak{g}}(\lambda)$ .
(iii) ${\rm Res}_{n,r}’(L(\lambda))\cong\triangle_{\mathfrak{g}}(\lambda)$ .
(iv) ${\rm Res}_{n,r}(L(\lambda))\cong\triangle_{\mathfrak{g}}(\lambda)$ .
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Corollary 4.7. $\mathscr{S}_{n,r}(m)$ $e.$ $Q_{k}\neq q^{a}Q\iota$ for all $1\leq k<l\leq$
$r,$ $-n<a<n$ ),
(i) $Ind_{n,r}\cong Ind_{n,r}’,$ ${\rm Res}_{n,r}\cong{\rm Res}_{n,r}’.$
(ii) ${\rm Res}_{n,r}\circ Ind_{n,r}\cong Id_{\mathscr{S}_{n,r}^{\mathfrak{g}}(m)-mod},$ $Ind_{n,r}\circ{\rm Res}_{n,r}\cong Id_{\mathscr{S}_{n,r}(m)-mod}.$
${\rm Res}_{n,r}$ (resp. $Ind_{n,r}$) $\mathscr{S}_{n,r}(m)$ -mod $\cong \mathscr{S}_{n,r}^{\mathfrak{g}}(m)$ -mod
5
$m$ $=$ $(m_{1}, \ldots, m_{r}),$ $m’$ $=$ $(m_{1}’, \ldots, m_{r}’)$ $\in$ $\mathbb{Z}_{>0}^{r}$ $m_{k},$ $m_{k}’$ $\geq$ $n$
$(k=1, \ldots, r)$ $\mathscr{S}_{n,r}(m)$ -mod $\cong \mathscr{S}_{n,r}(m’)-mod$ (resp.
$\mathscr{S}_{n,r}^{\mathfrak{g}}(m)-mod \cong \mathscr{S}_{n,r}^{\mathfrak{g}}(m’)-mod)$
$m$
$m$ $\mathscr{S}_{n,r}=\mathscr{S}_{n,r}(m)$ $($ resp. $\mathscr{S}_{n,r}^{\mathfrak{g}}=\mathscr{S}_{n,r}^{9}(m))$
5.1. $U_{q}(\mathfrak{g})arrow \mathscr{S}_{(n_{1},\ldots,n_{r})}$ $\mathscr{S}_{(n_{l},\ldots,n_{r})}$ - $U_{q}(\mathfrak{g})$ -
$M\in \mathscr{S}_{(n_{1},\ldots,n_{r})}-mod,$ $M’\in \mathscr{S}_{(n_{1}’,\ldots,n_{r}’)}$ -mod
$M\otimes M’\in \mathscr{S}_{(n_{1}+n_{1}’,\ldots,n_{r}+n_{r}’)}$ -mod $U_{q}(\mathfrak{g})$
$m$ $m_{k}\geq n_{k}+n_{k}’(k=1, \ldots, r)$
$\oplus_{n\geq 0}\mathscr{S}_{n,r}^{\mathfrak{g}}$ -mod $m$
$n,$ $n’$ ( )
$\oplus_{n\geq 0}\mathscr{S}_{n,r}^{\mathfrak{g}}$ -mod $(\#\#)$
$\oplus_{(n_{1},\ldots,n_{f})\in \mathbb{Z}_{\geq 0}^{r}}\mathscr{S}_{n_{1},1}(m_{1})\otimes\cdots\otimes \mathscr{S}_{n_{r},1}(m_{r})$ -mod \S
5.2. $\mathscr{S}_{n,r}-mod^{\triangle}$ $\mathscr{S}_{n,r}$ -mod standard-
$\oplus_{n\geq 0}\mathscr{S}_{n,r}-mod^{\Delta}$
\S $(\#\#)$ $\oplus \mathscr{S}_{n,1}(m_{1})\otimes\cdots\otimes \mathscr{S}_{n_{r},1}(m_{r})$ -mod $U_{q}(\mathfrak{g})$ (
$m$ )
$\oplus_{n\geq 0}\mathscr{S}_{n,r}$ -mod $m$
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$M\in \mathscr{S}_{n,r}-mod$ $M’\in \mathscr{S}_{n’,r}$ -mod $M\otimes M’\in \mathscr{S}_{n+n’,r}\sim$ -mod
$M\otimes M’\sim:=Ind_{n+n’,r}({\rm Res}_{n,r}’(M)\otimes{\rm Res}_{n’,r}’(M’))$
$m$ $m_{k}\geq n+n’(k=1, \ldots, r)$ ${\rm Res}_{n,r}’(M)\otimes$
${\rm Res}_{n’,r}’(M’)$ $U_{q}(\mathfrak{g})$
Proposition 5.$3([W4])$ . $(\oplus_{n\geq 0^{\mathscr{S}_{n,r}-mod^{\triangle}}}, \otimes)\sim$




(ii) ch $(\triangle(\lambda)\otimes\triangle(\mu))\sim=$ ch $\triangle(\lambda)$ ch $\triangle(\mu)$ .
$\mathscr{S}_{n,r}$ -mod $\mathscr{S}_{n,r}-mod \cong \mathscr{S}_{n,r}-mod^{\Delta}$
Proposition 5.5 ([W4]). $1\leq k<l\leq r,$ $a\in \mathbb{Z}$ $Q_{k}\neq q^{a}Q_{l}$
($i.e$ . $n$ $\mathscr{S}_{n,r}$ ) $\oplus_{n\geq 0}{\rm Res}_{n,r}$ (resp.
$\oplus_{n\geq 0^{Ind_{n,r})}}$
$( \bigoplus_{n\geq 0}\mathscr{S}_{n,r} - mod, \otimes)\cong\sim(\bigoplus_{n\geq 0}\mathscr{S}_{n,r}^{\mathfrak{g}} - mod, \otimes)$
Remark 5.6. $\oplus_{n\geq 0^{\mathscr{S}_{n,r}}}$ -mod $\otimes\sim$
$\bullet$ standard-






Proposition 5.3, 5.4, 5.5 $\mathcal{U}$ Hopf
$\mathscr{S}_{n,r}-mod$ $\mathcal{U}$ Grothendieck
Proposition 5.3, 5.4, 5.5
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